
The Method of Undetermined Coefficients 
 
Consider the n-th order non-homogeneous equation with constant coefficients 
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where a0, a1, …, an are constant and b(x) is a non-constant function of x. 
Let yp(x) be a particular solution of the non-homogeneous equation, containing no 
arbitrary constants.  
Let yc(x) = c1f1(x) + c2f2(x) + … + cnfn(x) where c1, c2, … , cn are arbitrary constants be 
the general solution of the corresponding homogeneous equation 
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Then, the general solution of the equation can be expressed as: 
                                                y(x) = yp(x) + yc(x) 
In this section, we will discuss how to find the particular solution yp(x). 
 
Remark: The kind of functions b(x) for which the method of undetermined coefficients 
applies are actually quite restricted. 
 
Definition: A function f(x) is a UC function if it is either: 
1) xn, where n is an integer n ≥ 0. 
2) eax, where a is a constant different from 0. 
3) sin(bx + c), where b and c are constant and b ≠ 0. 
4) cos(bx + c), where b and c are constant and b ≠ 0. 
5) any function that is a finite product of two or more functions of those four types. 
 
Examples: 
x3, e-4x, sin(5x + 7), x2e6x, x cos(3x), e5xsin(3x – 7), cos(x) sin(2x), x4e-5xsin(2x). 
 
Remark: The method of undetermined coefficients applies when the non-homogeneous 
term b(x), in the non-homogeneous equation is a linear combination of UC functions. 
 
Remark: Given a UC function f(x), each successive derivative of f(x) is either itself, a 
constant multiple of a UC function or a linear combination of UC functions. 
 
Definition: Given a UC function f(x). We call UC set of f(x), to the set of all UC 
functions consisting of f(x) itself and all linearly independent functions of which the 
successive derivatives of f(x) are either constant multiples or linear combinations. 
 
Example: 
Find the UC set of  f(x) 
1) Given f(x) = x5,   
its derivatives are: 
f’(x) = 5x4, f’’(x) = 20x3, f’’’(x) 60x2, f(4) = 120x, f(5) = 120, f(n)(x) = 0, n>5. 
The linearly independent functions of which the successive derivatives of f(x) are either 
constant multiples or linear combinations are: x4, x3, x2, x, 1. 
Then UC set of x5 = {x5, x4, x3, x2, x, 1}. 



2) Given f(x) = sin 2x, 
its derivatives are : 
f’(x) = 2cos 2x, f’’(x) = -4sin 2x, f’’’(x) = -8cos 2x, f(4) = 16cos 2x 
they are either multiples of sin 2x or cos 2x 
Then, UC set of sin 2x = {sin 2x, cos 2x}. 
 
3) Given f(x) = eax, 
its derivatives are: 
f’(x) = aeax, f’’(x) = a2eax,  …., f(n)(x) = aneax. 
They are all multiples of eax. 
Then, UC set of eax = {eax}. 
 
Remark: Given f(x) and g(x) UC functions, the product function h(x) = f(x)g(x) is 
another UC function.  The UC set of h(x) is obtained multiplying each member of the UC 
set of f(x) times each member in the UC set of g(x). 
 
Example: 
Let f(x) = x3 and g(x) = cos 2x, then h(x) = f(x)g(x) = x3cos 2x. 
UC set x3 = {x3, x2, x, 1},  UC set cos 2x = {cos 2x, sin 2x}, 
Then UC set x3cos 2x = {x3cos 2x, x3sin 2x, x2cos 2x, x2sin 2x, x cos 2x, x sin 2x, cos 2x, 
sin 2x}. 
 
Remark: The table below contains the most common cases of UC sets: 
 

               
Method of Undetermined Coefficient 
Given the non-homogeneous L.O.D.E. with constant coefficients,  
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assume that the non-homogeneous term b(x) can be expressed as a linear combination of 
UC functions,   
                                    b(x) = A1u1(x) + A2u2(x) + …. + Amum(x) 



where u1, u2, …., um are UC functions and A1, A2, …., Am are known constants. 
 
Steps to follow: 
 
1) Find the complementary solution yc(x) of the corresponding homogeneous equation, 
determine the fundamental set of solutions F of the corresponding homogeneous 
equation. 
 
2) For each UC function u1, u2, …., um, determine its UC set. Let’s call Sj the UC set 
corresponding to the UC function uj. 
 
3) Compare all the UC sets. If one UC set, say Sr, is equal to or included into another UC 
set, say Sk, then we disregard Sr from further consideration. 
 
4) Consider the UC sets which still remain after step 3. We compare each UC set with the 
fundamental set of solutions F of the corresponding homogeneous equation. 
Let’s say Si includes one or more members of F, then we multiply each member of Si by 
the lowest positive integer power of x so that the resulting revised UC set Si* will  
contain no member of F. 
We replace Si by the revised set Si*. 
 
5) We have at this point: 
a) certain of the original UC sets which were neither disregarded in step 3 nor revised in 
step 4. 
b) certain revised UC sets resulting from step 4. 
Form a linear combination using unknown constant coefficients with the elements in 
these UC sets, and claim it is a candidate to be a particular solution. 
 
6) Since particular solutions do not contain arbitrary coefficients, to determine the 
unknown coefficients, we substitute the linear combination in the non-homogeneous 
L.O.D.E., and creating a system of linear equations. 
 
Example: 
Solve the non-homogeneous L.O.D.E., 
1) y’’ – 2y’ – 3y = 2ex – 10 sin x 
Corresponding homogeneous equation: y’’ – 2y’ – 3y = 0 
Characteristic equation:  r2 – 2r – 3 = (r -3)(r + 1) = 0 
Zeros are: r1 = 3, and r2 = -1 
Fundamental set of solutions: F ={e3x, e-x} 
Complementary solution: yc(x) = c1e3x + c2e-x. 
Non-homogeneous term is: b(x) = 2ex – 10 sin x,  
it is the linear combination of ex and sin x. 
The UC set of ex is S1 = {ex}. 
The UC set of sin x is S2 = {sin x, cos x}. 
S1 and S2 are not equal nor one is included in the other, so both set remain. 



Neither S1 nor S2 includes any element of F the fundamental set of solutions of the 
corresponding homogeneous equation.  
So, S1 and S2 remain intact. 
We form a linear combination with the element in S1 and S2 using unknown coefficients: 
                                                yp =Aex + B sin x + C cos x 
To determine the unknown coefficient, substitute the linear combination in the equation. 
We must compute the first and second derivative: 
                                                 yp’ = Aex + B cos x – C sin x 
                                                 yp’’ = Aex – B sin x – C cos x 
Replace into the equation, 
(Aex – B sin x – C cos x) - 2(Aex + B cos x – C sin x) – 3(Aex + B sin x + C cos x) =         
2ex – 10 sin x 
or 
4Aex + (-4B + 2C) sin x + (-4C – 2B) cos x = 2ex – 10 sin x 
comparing left-hand side to right –hand side, we get the system of linear equations: 
                                                   -4A = 2 
                                           -4B + 2C = -10 
                                           -4C – 2B = 0 
Solving the system, we get: A = -1/2, B = 2, and C = -1 
Therefore, yp(x) = -1/2 ex + 2 sin x – cos x 
The general solution of the non-homogeneous equation is: 
                    y(x) = yc(x) + yp(x) = c1e3x + c2e-x -1/2 ex + 2 sin x – cos x. 
 
2) y’’’ – y’ = 4e-x + 3e2x. 
Corresponding homogeneous equation: y’’’ – y’ = 0 
Characteristic equation:  r3 – r  = r(r2-1) = r(r + 1)(r – 1) = 0 
Zeros are: r1 = 0, r2 = 1, and r3 = -1 
Fundamental set of solutions: F ={1, ex, e-x} 
Complementary solution: yc(x) = c1 + c2ex + c3e-x. 
Non-homogeneous term is: b(x) = 4e-x + 3e2x,  
it is the linear combination of e2x and e-x. 
The UC set of e2x is S1 = {e2x}. 
The UC set of e-x is S2 = {e-x}. 
S1 and S2 are not equal nor one is included in the other, so both set remain 
Since S2 = {e-x} contains elements in F ={1, ex, e-x}, then we multiply the elements in S2 
by x, and we obtain S2* = {xe-x} that does not contain any element of F. 
So replace S2 by S2*. 
Form a linear combination of the elements in S1 and S2*, using unknown coefficients: 
                                               yp(x) = Axe-x + Be2x 

To determine the unknown coefficient, substitute the linear combination in the equation. 
We must compute the first, second, and third derivative. 
                                        yp’(x) = A(-xe-x + e-x)+ 2Be2x 

                                       yp’’(x) = A(xe-x  - 2e-x)+ 4Be2x 

                                      yp’’’(x) = A(-xe-x + 3e-x)+ 8Be2x 

 
Replacing into the equation 



A(-xe-x + 3e-x)+ 8Be2x - A(-xe-x + e-x) + 2Be2x = 2Ae-x + 6B e2x = 4e-x + 3e2x  
Then, 2A = 4, A = 2 and  6B = 3, B = ½ . 
Therefore, yp(x) = 2xe-x + ½ e2x 
The general solution of the non-homogeneous equation is: 
                    y(x) = yc(x) + yp(x) = c1 + c2ex + c3e-x + 2xe-x + ½ e2x. 
 
3) y’’ + y = sin x 
Corresponding homogeneous equation: y’’ + y = 0 
Characteristic equation:  r2 + 1 = 0 
Zeros are: r1 = i, and r2 = -i 
Fundamental set of solutions: F ={cos x, sin x} 
Complementary solution: yc(x) = c1 cos x + c2 sin x. 
Non-homogeneous term is: b(x) = sin x. 
The UC set of sin x is S1 = {sin x, cos x} 
There is only one UC set. 
S1={sin x cos x} contains elements of F = {sin x, cos x}}, then we multiply the elements 
in S1 by x, and we obtain S1* = {x sin x, x cos x} that does not contain any element of F. 
So replace S1 by S1*. 
Form a linear combination of the elements in S1*, using unknown coefficients: 
                                               yp(x) = Ax sin x + Bx cos x 
To determine the unknown coefficient, substitute the linear combination in the equation. 
We must compute the first and second derivative: 
                                                 Yp’ = A(sin x + x cos x) + B(cos x – x sin x) 
                                                 Yp’’ = A(-x sin x + 2 cos x) + B(-x cos x – 2sin x) 
Replace into the equation 
A(-x sin x + 2 cos x) + B(-x cos x - 2sin x) + Ax sin x + Bx cos x = 2A cos x - 2B sin x = 
sin x. 
Then, 2A = 0 and -2B = 1, so A = 0 and B = -1/2.  
Therefore, yp(x) =  ½ x cos x 
The general solution of the non-homogeneous equation is: 
                    y(x) = yc(x) + yp(x) = c1 cos x+ c2 sin x + ½ x cos x. 
 
  
Find the candidate to be a particular solution of the equation, do not find the coefficients. 
 
4) y(4) – 7y’’’ + 18y’’ – 20y’ + 8y = x3e2x 
Corresponding homogeneous equation: y(4) – 7y’’’ + 18y’’ – 20y’ + 8y   = 0 
Characteristic equation:  r4 – 7r3 + 18 r2 – 20r + 8 = 0 
Zeros are: r1 = 1, and r2 = 2 is repeated 3 times 
Fundamental set of solutions: F ={ex, e2x, xe2x, x2e2x} 
Complementary solution: yc(x) = c1 ex + (c2 + c3x +c4x2)e2x . 
Non-homogeneous term is: b(x) = x3e2x. 
The UC set of x3e2x is S1 = {x3e2x, x2e2x, x e2x, e2x} 
There is only one UC set. 



S1 = {x3e2x, x2e2x, x e2x, e2x} contains elements of F ={ex, e2x, xe2x, x2e2x}, then we 
multiply the elements in S1 by x3, and we obtain S1* = {x6e2x, x5e2x, x4e2x, x3e2x} that 
does not contain any element of F. 
So replace S1 by S1*. 
Form a linear combination of the elements in S1*, using unknown coefficients. 
The candidate to be a particular solution is: 
 yp(x) = Ax6e2x + Bx5e2x + Cx4e2x + Dx3e2x 
 
 
5) y(4) + 8y’’ + 16y = x3sin 2x + x2cos 2x 
Corresponding homogeneous equation: y(4) + 8y’’ + 16y = 0 
Characteristic equation:  r4 + 8r2 + 16 = (r2 + 4)2 = 0 
Zeros are: r1 = 2i, double zero, and r2 = -2i, double zero 
Fundamental set of solutions: F ={cos 2x, x cos 2x , sin 2x, x sin 2x} 
Complementary solution: yc(x) = c1 cos 2x + c2 x cos 2x + c3 sin 2x + c4 x sin 2x 
Non-homogeneous term is: b(x) = x3sin 2x + x2cos x. 
The UC set of x3sin 2x is S1 = {x3sin 2x, x3cos 2x, x2sin 2x, x2cos 2x, x sin 2x, x cos 2x, 
sin 2x, cos 2x} 
The UC set of x2 cos 2x is S2 = {x2sin 2x, x2cos 2x, x sin 2x, x cos 2x, sin 2x, cos 2x} 
Since S2 is included in S1, we disregard S2. 
S1= {x3sin 2x, x3cos 2x, x2sin 2x, x2cos 2x, x sin 2x, x cos 2x, sin 2x, cos 2x } contains 
elements of F = { cos 2x, x cos 2x , sin 2x, x sin 2x }, then we multiply the elements in S1 
by x2, and we obtain S1* = {x5sin 2x, x5cos 2x, x4sin 2x, x4cos 2x, x3sin 2x, x3cos 2x, 
x2sin 2x, x2cos 2x } that does not contain any element of F. 
So replace S1 by S1*. 
Form a linear combination of the elements in S1*, using unknown coefficients. 
The candidate to be a particular solution is: 
 yp(x) = Ax5sin 2x + Bx5cos 2x + Cx4sin 2x + Dx4cos 2x + Ex3sin 2x + Fx3cos 2x + 
Gx2sin 2x + Hx2cos 2x 
 


